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SUMMAHY 

VARIATIONAL principles in the linear theory of elasticity, involving the elastic polarization tensor, 
have been applied to the derivation of upper and lower bounds for the effective elastic moduli 
of quasi-isotropic and quasi-homogeneous multiphase materials of arbitrary phase geometry. 
When the ratios between the different phase moduli are not too large the bounds derived are 
close enough to provide a good estimate for the effective moduli. Comparison of theoretical 
and experimental results for a two-phase alloy showed good agreement. 

1. INTR~DLJCTI~N 

THE present work is concerned with the derivation of bounds for the effective 
elastic moduli of multiphase materials, with the aid of some variational principles 
in elasticity which have been previously established by the authors (HASHIN 

and SHTRIKMAN 1961 a, b, 1962). 
The materials here considered may be described as mechanical mixtures of a 

number of different isotropic and homogeneous elastic phases. Assuming that, 

in the large, such a material can be regarded as quasi-isotropic and quasi-homo- 

geneous, the problem is to predict the effective elastic moduli of the multiphase 

material in terms of the elastic moduli and volume fractions of the constituting 

phases. 
The effective elastic moduli of a quasi-isotropic and quasi-homogeneous composite 

material may be conveniently defined by means of the strain energy stored in the 

material when subjected to gross uniform strains or stresses [compare HASIIIN 
(1962) and Section 3 below]. In order to evaluate this strain energy it is necessary 

to find the stress or displacement fields in the composite body, which appears 

to be an impossible task. Consequently, attempts to find expressions for effective 
elastic moduli, or other physical constants, have invariably been based on simplify- 
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ing assumptions, concerning geometrical form and physical behariour of phase 
regions. 

A more attractive approach consists of the use of variational principles in order 
to bound the strain energy and thus also the effective elastic moduli. The principles 
of minimum potential energy and minimum complementary energy have been used in 
such a way by PAUL (1960) and HASHIN (1962). While Paul’s treatment is based 
on arbitrary phase geometry, the bounds obtained are generally not close enough 
to provide a good estimate for the effective elastic moduli. 

The bulk modulus bounds obtained by Hashin coincided whereas the shear 
modulus bounds are much closer than those obtained,by Paul. However, the results 
are strictly valid only for a material consisting of a matrix in which certain special 
distributions of spherical inclusions are embedded. 

The purpose of the present work is to find improved bounds without making 
assumptions about phase geometry. 

2. VARIATIONAL PRINCIPLES 

Some new variational principles for non-homogeneous linear elasticity, in 
terms of the elastic polarization tensor, have been formulated and proved by 
HASHIN and SHTRIKMAN (1961b) for the isotropic case and by HASHIN and 
SHTRIKMAN (1962) for the general anisotropic case. For the present purpose of 
derivation of bounds for the effective elastic moduli of multiphase materials, 
consisting of isotropic phases, the variational principles for non-homogeneous 
and isotropic elasticity, in the case of prescribed surface displacements, are needed. 
These will be formulated in the following. 

Let a’~ and ~‘(3 be known stress and strain tensor fields in a deformed elastic 
body of volume V and surface S. For simplicity the case of no body forces is 
considered. Hooke’s law is given by 

u”tj = h, E’kk &j + 26, E’ij = L, (~“ij). (2.1) 

Here h, and G, are the Lame constant and the shear modulus which for simplicity 
are taken to be constant throughout the body; the range of subscripts is 1, 2, 3; 
a repeated subscript denotes summation and &i are the Kronecker delta. The 
strains are given in terms of the displacements by 

co.. - 23 - 2 l (UOd, 3 + “O1,6) (2.2) 

where a comma denotes differentiation. 
Let part or whole of the body now be changed to material of different moduli 

X and G which may vary in space and the surface displacements u”t (S) be held 
fixed. The unknown stress and strain fields in the new body are denoted by 
aif and Eij. 

The stress polarization tensor pal* is now defined by 

Oij = L9 (Eij) + ptj 

where L, is given by (2.1). Define also 

(2.3) 

ZLfi = 21i - uOa (2.4) 

*The polarization tensor has been implicitly introduced into the theory of elasticity by ESHELBY (1957). The 

name has been coined by KRGNER (1958) in analogy to the polarization vector in electrostatics. 
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and consequently 
EIij = EiJ - EQi3. (2.5) 

The l tj and ~$1 can be found from (2.5) and (2.3) once l ‘a* and pu are known. 
Variational principles involving l ‘tj and pi will now be formulated. The volume 

integral 

UP = u, - 3 J [PU H (pd - PU E’U - 2prj +] c&’ (2.6) 
where 

U, = 4 J u”g3 e”ii dV, (2.7) 

subject to the subsidiary condition 

L, (E/61), 5 + Z&j, i = 0 (2.3) 
and the boundary condition 

U’2 (8) = 0, (2.9) 
is stationary for 

prj = L (E(j) - L, (Qj). (2.10) 

The expression L (~$5) in (2.10) is given by 

L (Ez;~) = hckk &f + 2Gcr5. (2.11) 

It follows from (2.3) and (2.11) that the extremum condition (2.10) is equiva- 
lent to Hooke’s law for the nonhomogeneous body. 

The operator H in (2.6) is given by 

H = (L - Lo)-‘. (2.12) 
Accordingly, in (2.6), 

pii H (pzj) = - 6 (G _;,,,k _ K,) p2kk + 2 (G : G,) Prriuij c2*13) 
where 

is the bulk modulus. 
K=h++G 

Equation (2.8) expressed in terms of u’f assumes the form 

(A, + G,) u’j,~i + Go u’~,u + PU,~ = 0. (2.14) 

It should be noted that (2.4), (2.5), (2.9), (2.10) and (2.14) are equivalent to 
the second boundary value problem of the theory of elasticity (SOKOLNIKOFF 

1956). 

The stationary value of UP is an absolute maximum when 

h > h,, G > G,, 

and an absolute minimum when 

(2.15) 

X < h,, G -=c G,. (2.16) 

Furthermore, the stationary value of UP is equal to the strain energy U stored 
in the changed body. 

In the extreme case of vanishing K, and G, (in comparison to K and G), the 
variational principle reduces in the limit to the principle of minimum comple- 
mentary energy. For infinitely large K, and G, the principle of minimum potential 
energy is obtained [for proof of the preceding results in the general anisotropic 
case, see HASHIN and SYTRIKMAN (1962)]. 
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For prescribed surface tractions different variational principles, involving t,he 

strain polarization tensor, apply (HASHIN and SHTRIKMAN 1962). 

3. BOUNDS FOX ITIE EFICXTIVF, Mouu~r OF MULTIPHASE M&V~EHIALS 

Consider a composite body which consists of n different elastic phases and 

which may be regarded as quasi-homogeneous and quasi-isotropic. Let a surface 

displacement of the form 

UO( (Is) = EOij Xj (3.1) 

be impressed on the composite body, where the EOU are constants and the xj are 

Cartesian co-ordinates, referred to a fixed system of axes. Then it can be proved 

that the mean strains in the composite body are l ‘ij. 

The assumed quasi-homogeneity of the multiphase material will here be inter- 

preted in the following way : consider any reference cube in the composite material 

which is large compared to the size of non-homogeneities, yet small compared 

to the whole body. Then the volume average of a quantity such as displacement, 

strain, stress or phase volume fraction is the same for the whole body and the 

reference cube. It follows that the mean strains in any reference cube are also 

taken as toti. 
To define the effective elastic moduli it is assumed that the elastic strain energy 

in a reference cube of unit vohlme can be represented in the form 

[J = + (9K” c”a -t 2G* eoli eosi) (3.2) 

where the mean strains ~“63 have been split into isotropic and deviatoric parts as 

follows : 
pij zzz E0 8ij + L’Oij (3.3) 

where 
E0 = 4 EJ& 

and K* and G* are the effective bulk and shear moduli, respectively. 

The variational formulation given above will now be applied to the reference 

cube of unit volume. The ~‘ii and ~‘ij there defined are then given the following 

interpretation with regard to the composite body. Assume that the surface dis- 

placements (3.1) are impressed on a homogeneous body whose elastic moduli are 

K, and G,. It follows from the theory of elasticity that the strains throughout 

this body are constant and equal to l ‘ii. When (3.1) is prescribed on the surface 

of a composite body the strains in any cube of reference are 

rij z: 2fj + <Iii. (3.4) 

Accordingly, the cot3 are identified with the mean strains and the E’ii with the 
deviations from the mean. It follows that 

Elii = 0 (3.5) 

where the bar denotes mean value within the reference cube. 

Expression (2.6) will now be evaluated for the reference cube and for this 

purpose the following polarization field pii will be chosen : 

pi3 = pltj in VI, (3.6) 
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where V, is the volume of the rth phase and JY{~ is constant throughout this volume*. 
For convenience the vohune fractions V, are defined by 

(3.7) 

where V is the total volume. It follows that 

Since the reference cube is of unit volume the Y, in it can be replaced by the v,.. 
Splitting all tensors in (2.6) into isotropic and deviatoric parts, this integral 

can be rewritten in the form 

UP = U,, + U’ - 4 $ 
( 

& + 2 $fiGO, - 6+ - 2j& i?&) dV (3.91 
0 

where 
Us = $ (Ir, 8 + zG, eOij e’+$) (3.10) 

u’ = * J (3~6’ -l-&f e’af) &’ (3.11) 

and f& and I?$$ are the deviatoric parts, p&j and E’ zizf the isotropic parts, of plf 
and E’ZJ~ respectively. Introducing (3.6) into (3.8) and using (3.5) yields the result 

where p and & are the mean values of 1_’ and f&, respectively, which on using 
(3.6) are found to be 

T=t$ 
3 = z pr v,, (3.13) 

r-l 

r==n 

JiZi = Fz .Paj Vr. (3.14) 

It remains to evaluate 27’ given by (3.11) in terms of the polarization field 
(3.6). This can be formally done by Fourier methods, making use of (2.9) and 
(2.24). Some details of the derivation are given in the Appendix. The result is 

where 

3 wo + 2G*) 
PO = - 5Go (3K, + 4Go) l 

(3.17) 

Introducing (3.15) into (3.12) one obtains 

*It can be shown that restriction to a piecewise constant polarization field is not necessary. The subsequent analysis, 
yielding the smne results, can be carried out for a polarization field restricted only by the assumption of isotropic space 
distribution of each component (see Appendix for use of this assumption). 
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It follows from the maximum condition (2.15) that whenever K, and G, are such 
t.hat, for ecery K,. and G,, 

K, > Kc,, Gr > G,, (3.19) 

then UP satisfies the inequality 
UP < u. (3.20) 

Analogously, from (2.16), whenerer K, and G, satisfy the inequalities 

K, < K,, Gr < G,, (3,21) 
then 

rr, > 77. (3.22) 

Taking C in the form (3.2) and using (3.18), inequalities (3.20) and (3.22) become 
bounds on the effective elastic moduli. In order to find the best bounds for a 
polarization field of type (3.6), (3.13) will be maximized for condition (3.20) 

and minimized for condition (3.22). Differentiating f3.18) with respect to 1~’ 
and frij, the extremum conditions are found to be 

These are found to be maximum conditions when (3.19) holds and minimum 
conditions for (3.21). 

Introducing (3.23) and (3.24) into (3.18), this assumes the simple form 

LTP = U, + 8 (35~~ + ftj e’ej) (3.25) 

where @ and ftj are solutions of (3.23) and (3.24). Expression (3.23) can also be 
w&ten in the form 

ETp = z’, + + & ‘Zj. (3.26) 

The mean values 3 and 3~ can be simply determined from (3.23) and (3.24) by 
solving for pr and j’rij and using (3.13) and (3.14). The results are 

where 

(3.27) 

(3.28) 

(3.29) 

(3.30) 

In order to find bounds for the effective bulk modulus let a mean strain system 
of the form 

CO,@ = E0 sij (3.31) 
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be applied to the composite body. It follows from (3.2), (3.20), (3.22), (3.25) 

and (3.27) that 

K* >< K, + 
A 

1 +aoA 

where the upper inequality sign applies for the first condition (3.19) and the 

lower for the first condition (3.21). 

Similarly, when coil is of purely deviatoric form, 

l ‘ij = e’tj, e’kk = 0, (3.33) 

then from (3.2), (3.20), (3.22), (3.25) and (3.28), 

G* 2 Go fit 
B 

1+/&B 
where the inequality signs apply in turn for the second conditions (3.19) and 

(3.31). It remains to specify the values of K, and G, which when introduced into 

(3.32) and (3.34) will yield the highest lower bounds and the lowest upper bounds. 

It can be proved by differentiation that the expressions in the right sides of (3.32) 

and (3.34) a.re monotonically increasing functions of K, and G,. Accordingly, 

the highest lower bounds are obtained by taking the largest values of K, and G, 

which comply with (3.19). The lowest upper bounds are obtained for the smallest 

values of K, and G, which comply with (3.21). Let the smallest of the moduli 

K,. and Gr be denoted by K, and G, and the largest by K, and Gh. Then for the 

highest lower bounds, which are denoted by K*, and G*l, 

K, = K,, G, = G,, (3.35) 

and for the lowest upper bounds K*, and G*, 

K, = K,, G, = Gn. (3.36) 

Introducing in turn (3.35) and (3.36) into the right side of (3.32) it is found that 

K*l =A, +1 “d 4 

-+ 1’ 

, 

1 

K*,= K, + An 
1 --+ an ii, ' 

(3.38) 

where from (3.16) 
3 

a1 = - 3K, -+ 4G, ’ 

and from (3.29) 

3 

un = -- 3K, + 4Gn ’ 

r=ll 
.4,=/z /r- 

r=2 

- Kr -. K, ‘l 

and 

(3.39) 

(3.40) 

3 (3.41) 

(3.42) 

K*, < K* < K*,. (3.43) 
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Introducing in turn (3.35) and (3.36) into the right side of (3.34) it is found that 

where from (3.1’7) 

and from (3.30) 

G*, zzz G, + + p1 
1 + A Bl ’ 

B 
1 

= _ 3 (K, + 261) 
56, (3K, + 4G,j ’ 

(3.46) 

3 (JL + 2Gn) 
Pn = - 5Gn (3Kn + 4Gn) ’ 

(3.47) 

T=n 

B, = 22 1 vr , (3.4s) 
7=2 

2 (Gr - G,) - ” 

r=n-I 

and 
2 (Gr - Gn) - pn 

G”, < G* < G”,. (3.50) 

An interesting result is found on evaluation of the bounds (3.32) and (3.34) 
for the extreme cases of vanishingly small or infinitely large K, and G,. It is found 
by a limiting process that the lower bounds are given by 

1 ?-=n 
-- = 
K”, 

LY $9 
r=1 9 

1 7=Pl 
-= z$, 
G*, r=1 r 

(3.51) 

(3.52) 

and the upper bounds are given by 

K*m = ‘in K, vu,, 
r=1 

(3.58) 

r=?I 
G” co = 2 GT v,. (3.54) 

r=1 

The bounds (3.51) and (3.52) can be directly obtained from the principle of 
minimum complementary energy and (3.53) and (3.54) from the principle of 
minimum potential energy (~?AUL 1960). This checks with the reduction of the 
present variational principles to those of minimum complementary and potential 
energy for vanishing and infinitely large K, and G,. It is interesting to note that 
(3.51), (3.52), (3.53) and (3.54) are the worst bounds that can be derived by the 
present theory (assuming positive K, and G,). 

4. APPLICATION TO TWO-PHASE MATERIALS 

The results obtained in the previous Section will now be specialized to the 
important case of two-phase materials. Expressions (3.37), (3.38), (3.44) and 
(3.45) have simply to be written out for n = 2. The results are 
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G", =r Gl + ----- v2 - 

(4.1) 

(4.2) 

(3 

GX, _ G, + --r_--i--- ._.___._ 
6 W2 + 2Gz)v, ' 

(4.4) 

--_ 

c;---%- + >G, (3K, + -1G,) 1 2 

which have now to be used in inequalities (3.43) and (3.50). Here K, > Kl; G, > Gl. 

It has been shown (Hasm~ 1962) that (4.1) [equivalent expression, (38)] is an 
exact result for the bulk modulus of certain composite materials which may be 
described by a matrix of phase ‘ one ’ material in which spherical inclusions of 
phase ‘ two ’ material are distributed in a particular way. Analogously (4.2) 
is an exact result for the same case when the matrix is of phase ‘ two ’ material 
and the spherical inclusions of phase ‘ one ’ material. Since it has been shown 
here that (4.1) and (4.2) are always bounds on the effective bulk modulus they 
must be bounds also for this particular two phase material. It follows that these 
bounds are the most restrictive ones that can be given in terms of fractiol~al 
volumes and phase moduli. 

When the shear moduli of the two phases are equal the bounds (4.1) and (4.2) 
coincide, thus providing an exact result for this special case*. Equations (4.1) 

and (4.2) can be interpreted as exact results for two-phase materials with different 
phase bulk moduli but the same shear modulus (in one case G, and in the other G,). 
This provides another proof that (4.1) and (4.2) are the most restrictive bounds 
that can be given in terms of phase moduli and volume fractions. 

Expression (4.3) has also been previously obtained by HAMIN (1962) [equivalent 

expression (54)] by a heuristic argument. Since it has not proved possible to 
identify (4.3) or (4.4) with exact solutions the question whether or not (4.3) and 
(4.4) are the most restrictive bounds for G* remains at present unanswered. 
However, previous results suggest that there are definite limits for improvement 
of the present bounds on the effective shear modulus. 

For very small ziz, the lower bounds reduce to known results for effective elastic 
moduli of materials consisting of a matrix 1 in which a small amount. of spherical 

non-homogeneities of material 2 is embedded. (ESHELBY 1957; HASHIN 1958, 

1962). Analogous results are obtained from the upper bounds for small vl. 
The bounds (&I)-(4.4) are generally farther apart than the bounds derived by 

Hasm~ (1962). This is not surprising since the present two-phase material is 
more general and none of the phases is classified as either matrix or inclusions. 

*The mthors are indebted to R. FILL for this observation. HILL has also derived the results for equal shear 

moduli and consequently, the hounds (4.1) and (4.2) by potential theory (private communication). Consequentty 

the bounds j%W), (3.88) have been exwnined and it has been shown that even these e&n&k when the shear modtdi of 

ali n phases are equal. 
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FIG. 1. Rounds for bulk modulus WC-Co alloy. 

The bounds (4.1), (4.fL), (4.3) and (4.4) have been numerically evaluated for 
a tungsten carbide-cobalt (WC-C,) alloy for which experimental data are available 
(NISHIMATSU and GURLAND 1960). Here the moduli of the cobalt have been given 
the subscript I and those of the tungsten carbide t,he subscript 2. The bounds 

0 0.2 0.4 0.6 0.6 I. 

FIG. 2. Bounds for shear modulus WC-CO alloy. 
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FIG. a. Bounds for Young’s modulus WC-CO alloy. 

for the bulk and shear moduli are shown in Figs. 1, 2. The bounds for the Young’s 
modulus have been obtained by using the usual relation E = 9KG/(3K + G). 

These are shown in Fig. 3 together with the experimental results and the bounds 
derived by PAUL (1960). The comparison shows that the theory is in very good 
agreement with the experimental values of the effective Young’s modulus and 
that the present bounds are a marked improvement. 

It should be noted that the moduli of the tungsten carbide phase were quite 
large compared to those of the cobalt phase, the ratios being 

K2 - 2.4, -- 
K 

5~36 
G, ’ ’ 

ES - 3.4. -- 
E, 

The bounds are nevertheless close together. This indicates that the bounds here 
obtained should give a good estimate for the effective moduli of two-phase materials 
for a variety of practical cases. 

5. DISCUSSION AKD CONCLUHONS 

The new variational principles, involving the polarization tensor, have proved 
to be a powerful tool for the analysis of multiphase materials. The present treat- 
ment employs isotropic fluctuating space functions, whose mean values only are 
known. 

With such an approach one could, of course, try to use the differential equations 
of the theory of elasticity with space-dependent coefficients. This, however, 
seems to be exceedingly difficult and it is one of the advantages of the variational 
formulation that an extremum problem together with a boundary value problem 
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for homogeneous elasticity can be substituted instead. Fortunately the full solution 
of the boundary value problem is not required and the interaction term U’ can 
be evaluated on the basis of isotropic polarization distribution. Mathematical 
rigour of the method of evaluation of this term has yet to be established. 

The variational principles for prescribed surface tractions, given by HASMK 
and SHTRIKI\ZAN (1962), can also be used in an analogous way. The analysis, 
however, would be more complicated because of the complexity of the subsidiary 
condition. It is believed that such an analysis would result in the same bounds, 
although this ha.s not yet been checked. 

The nature of the bounds obtained is such that the distance between them 
increases with increasing relative stiffness of one phase to others. In the extreme 
case of a rigid phase the upper bound will increase to infinity, whereas in the 
other extreme of an empty phase (cavities) the lower bound will decrease to zero. 
The question which naturally arises is : can the present bounds be improved ? 
So far the answer is known only for the effective bulk modulus of a two-phase 
material, where it has been shown that, given the present information (i.e. phase 
moduli and volume fractions), the bounds cannot be improved. It thus seems tha,t 
improvement could be achieved only on the basis of further information, such 
as statistical details cf phase distribution. This kind of information, however, 
is difficult to obtain in practice and it is at present not known how it could be 
used. 

Although the foregoing conclusions, reached for the bulk modulus, cannot at 
present to be extended to the shear modulus, there seems to be little doubt that 
the shear modulus of multiphase materials is also indeterminate, and in fact more 
so than the bulk modulus, when only phase moduli and vohlme fractions are known. 

The authors are indebted to Professor W. F. BROWN, Jr. for helpful discussion, to Professor 
R. HILL, F.R.S. for continued interest and valuable comments, and to Mr. T. Y. CHU for help in 
calculations. 
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APPENDIX. EVALUATION OF U' BY FOURIER METHODS* 

Consider a multiphase body of infinite extent. The problem can then be formulated as follows. 

Given 

[fis (~‘if) + p’gf,~] = tci, j = 0 in V (1) 
where 

E’ii = 4 (U’i,j + Ilj,i) (2) 
and 

P’ii = 1Q - Pfj, (3) 
subject to the boundary condition 

u’a (S) = 0. (4) 
Evaluate 

w = * J P’(j dij la’. (5) 
and define V’ by 

Define the three-dimensional complex Fourier transform Y of a function 4 by 

1 a/2 -- 

y(k) = z 0 s +(x)clk-x/ix 

--a, 

where k and x denote kl, k2, ks_and x1, xs, zs respectively and L = d 
Taking the transform of ta~,j, (1) transforms to 

kj Tij = 0 

where Ttj is the transform of taj and use has been made of the relation 

s 
7i.j n.j &! = 0. 

(8) 

(7) 

- l‘t- 

(9) 

Since 1ij is given, from (1) and (2) in terms of u’t and p’u, the transform of(l), using (2) and (S), 
may be expressed in the form 

(x0 + Gs)kiIr,7Lz + G,,P s 7ri = - k, Pim. 

Here Vi and Pi3 are the transforms of u’i and p’tj respectively, p is given by 

p2 = knkm 
and (4) has been used. 

00) 

(11) 

Solving (10) for the Uf, the transform of u’i,j, denoted by 7Jg,,, can be expressed in terms 
of 7Jt and accordingly in terms of Pip The result is 

Prnr k, kj [(Ae + 2%) p2bi - (h, + G,,) k, hi] 7Ti,j = - -- ___.~ 
Go (X0 + 2G,-,) p4 

(12) 

From symmetry (5) remains unchanged when <‘ij is exchanged by u’r,g, By Parseval’s theorem 

m 

2w = 
s 

7% 6) 7’*d,i (h) a (13) 

--m 

where the integration is over wave number space and * denotes a complex conjugate. 
It is now assumed that each ~23 is an isotropic space function which, because of (3) and (3.6), 

*Compare treatment of a related magnetic pmblem by NEEL (1947), by means of Fourier series. 

tFor reference to Fourier transform rules, here and in the following, compare for example SNEDDON (1951). 
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is equivalent to the assumption of isotropy in the large of the multiphase material. As a conse- 
quence of this it may be shown that 

Pij (k) = Pij (P). (14) 

Introducing (12) into (13), and using (14), the integration in (13) is carried out using spherical 
co-ordinates in wave number space, given by 

where 

The result is 

k, = p cos Q sin 8, k, = p sin 4 sin 8, k3 = p COSe, (15) 

o<p<m, 0 < 4< 27, oGeGa. W) 

co 03 

2~=-~.~!? 
Go 3 

Pi1 P*fj p-2 dp + _.4- x0 +Go .- 
G,(h, + 2Go) 15 s (Pmm p*,, + 24jp*ij) P' dp. (17) 

0 0 

Squaring both sides of (3) and integrating over space, using (3.6), one finds 

Using Parseval’s theorem and (18) the right side of (17) can be completely expressed in terms 
of the prim. The result (3.15) is then obtained from (6) and (3.7). 


